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(d)
= (Ũ , Ṽ − Ũ),
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X +X ′
(d)
= V, and
X
X +X ′
(d)
= U.
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0
v ν(dv) = 1.
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P(X ∈ da, X ′ ∈ db) = da π(a, db) = db π(b, da), a > 0, b > 0,
| Á }
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a ≥ 0 "
N!F'%O*P1&4Q R*7K (1SH(%: ν ∈ M #="T 
π(a, B) = ν(a +B), a+B := {a+ b : b ∈ B},
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ν(dv), v ≥ a, H()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F ′X(x) = ν([x,∞)) =
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[x,∞)
v−1FV (dv),
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;'" FV
5:+"0Y"0$Y5H'&6"%,%>4H"0FV+!
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E(ϕ(X,X ′)) = E(ϕ(UV, (1 − U)V ))
=
∫
R2+
ϕ(uv, (1− u)v)1{u≤1} duFV (dv).
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a = uv
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E(ϕ(X,X ′)) =
∫
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ϕ(a, b) da π(a, db),
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π(a, db) := (a+ b)−1FV (a+ db).
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FV (dv) = v ν(dv).
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./0M4FHJ  !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P(X ∈ da,X ′ ∈ db) = π(a, b) da db, a > 0, b > 0.
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∫ ∞
0
v ρ(v) dv = 1
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π(a, b) = ρ(a+ b).
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F ′V (v) = vρ(v), v > 0. 
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(X,X ′) ∈ K ⇔ F c(x, y) = F c(x+ y, 0),
A)$-,%v!OF,
x > 0, y > 0
F c(x, y) := P(X > x, X ′ > y).
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(X,X ′) ∈ K.  ,%F | Á }A8>H"W!OF, x, y > 0
P(X > x, X ′ > y) =
∫ ∞
x
da
∫
(y,∞)
π(a, db)
=
∫ ∞
x
da
∫
(a+y,∞)
ν(du)
=
∫
(x+y,∞)
ν(du)
∫ u−y
x
da
=
∫
(x+y,∞)
u ν(du) − (x + y)ν((x+ y,∞))
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(x, y) 7→ F c(x, y) '&8J!O42"0'z!"%$V&6F;'sQ+,%'>; x + y +5"%$:
F c(x, y) = F c(x + y, 0).bn1(,%yQFv"0$H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∆x > 0
0 ≤ P(x < X < x + ∆x, x < X ′ < x+ ∆x)
= F c(x, x) − F c(x+ ∆x, x) − F c(x, x + ∆x) + F c(x+ ∆x, x + ∆x)
= F c(2x, 0) − 2F c(2x+ ∆x, 0) + F c(2x+ 2∆x, 0).
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2
(
F c(2x, 0) + F c(2x + 2∆x, 0)
)
≥ F c(2x + ∆x, 0).
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F c
P(X ∈ da, X ′ ∈ db) = da νF (a+ db), a > 0, b > 0
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ξ
 ()
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ξ
 ()
ξ′,
 () )'D
X = Z ξ
 ()
X ′ = Z ξ′.9
(X,X ′) ∈ K.
	
 -"%"%'7
ϕ
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(&%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Q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E2-F&6'5-,
E(ϕ(X,X ′)) = E(ϕ(Z ξ, Z ξ′))
=
∫
R3+
ϕ(zu, zv) e−(u+v) du dv FZ(dz)
=
∫
R3+
ϕ(a, b) z−2 e−(a+b)/z da db FZ(dz)
=
∫
R2+
ϕ(a, b) ρ(a+ b) da db,
¡
A)$-,%
ρ(s) := E
(
Z−2 exp(−s/Z)
)
, s > 0.
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(X,X ′) ∈ K qH&f2-;<-5 _ 
    ;2 = ? u !
X
5
X ′
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(X,X ′) ∈ K >9=\],%(F&6"%'F jL_¡ | "W+
Z = 1/α
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Γ(2, α)
 5&6"%,%'>H4H"0-5qH _  _ q
FV (dv) = α
2 v e−α v dv.
 s 	:
 # 
?D.%8 #Yx #
&) $%'!)

  %x #
&!  ) !
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1"0FEA)$H:
(X,X ′) = (U, 1 − U) &oQ+;'5J!OF,X;';Q+,%'>;:&.'
K +5E;';5HT4&%F&/F R."
Z
>@;':,5HT4&%FV&R"W,R"0:5l"  H5$*3Q'7"%$&R"W+"%X&%(2:
R.
-"
{Ft}
5:H"0Y"0$H+"04,%;C*;M"0,0l"0'!
Z.
XC*
St := sup
0≤s≤t
Zs, It := − inf
0≤s≤t
Zs, Rt := St + It.
 4,R"0$-,:q"%,%542-v"%$v,%7F$9")2:F9"04F4&)'9Q:,%&68+!
t 7→ Rt
θ(r) := inf{t : Rt > r}, r > 0.
| F}
 F,)wCHKL:5
r > 0
Av23;;
θ(r)
!LD%O1S!A%' (\C!"2*G&4 !3/ #='/
r.
-"
H(a, b) := inf{t : Zt 6∈ (−a, b)}, a, b > 0,
H5
H(c) :=
{
inf{t : Zt > c}, c > 0
q
inf{t : Zt < c}, c < 0
_
."02:"0$+"
H(a, b) = min(H(−a), H(b)) _
: : 6986 :<5 	 ?;A31O1SHJ*GG!0  !
(X,X ′)
"21 ?A1O"B!0"B# 
(F) "
*791"   (/ %' ()*
#: (%O"- .(/  "2)F?W')'! 4 !0U) " HJ1O"0
Z.
'
(X,X ′) ∈ K ⇒ θ(X) (d)= H(X,X ′).
|  }

	
 -"/!OF,
s, t > 0
F c(s, t) := P(X > s, X ′ > t).
rZ-234H&%
(X,X ′)
H5
Z
,6&%&64-5E"%s>v'H5:(@:5H:9"oAv$*3QF8 _ & _
P(θ(X) > t | F∞) = P(Rt < X | F∞) = F c(Rt, 0)
H5
P(H(X,X ′) > t | F∞) = P(min{H(−X), H(X ′)} > t | F∞)
= P(H(−X) > t,H(X ′) > t | F∞)
= P(It < X, St < X
′ | F∞)
= F c(It, St).
 ,% \],%F(@F&6"0F jL_  AZvyA"0$+"
F c(s, t) = F c(s+ t, 0),
H5q*2:FH&%:4-9"0;=q@&)2:;<+'1:5
P(θ(X) > t) = P(H(X,X ′) > t).

  2 	 ? =  ,%F"0$f(,6L+!H!H\],%F(@F&6"0F ^H_nÁ "&&%-:8"%$*+""%$f'5-"%"B= |  }
$;'5&-qF'w!2"3q92-F5M"0'*;';M=Y7FMQF:"%$A)$F;Z"0,%t6:2"0F,R=w!
Z.
 ,]2:F9Q:,%&6o+!
\],%(F&6"%'F ^H_nÁ q"%'2-)"%$*+"!@AZ.$*3QFX5HT4&%FsF
R
5(',f!U,05HF
Q+,6<>;:&
(X,X ′)
&642W$"0$*l""%$o2-F5M"0F*;*;'yA)&[!
θ(X)
H5
H(X,X ′)
7FMQF-
F∞
+,%"0$H&%1"0$-N _ & _
F c(It, St) = F
c(Rt, 0) = F
c(It + St, 0).
u ")2:J>@v(,%yQ:5J"%$*+"/"%$'&/(;'-&"0$+")!OF,);';
x
H5
y
F c(x, y) = F c(x+ y, 0),
"%$*+")'&-q
(X,X ′) ∈ K.

: : 6986 :<5 	 ?
	 31O1SHJ*G !  !<!0
(F) "
*791"   (/A%9 ()* #: (%O"- .(/ 
(X,X ′).'/ Y1U!> K,  ()["
1X"2)>?A9)9! 4 !)Y" HJ1"  Z. 9
{Zs : s ≤ θ(X)}
(d)
= {Zs : s ≤ H(X,X ′)}.
| ¡ }
	
  F,&6'1(;'2:M"B=FqFA(H,%yQF"%$Y,%-&%4;M"/'V"%$Y23+&%
(X,X ′)
$*&)w5-&%M"B= _
 2-2:F,65'7"%VZ,%F;;<,R= jL_ "0$-,%KL'&R"0&.w!O42"0'
ρ
&%4H2W$J"0$+"
P(X ∈ da, X ′ ∈ db) = ρ(a + b) da db.
 F,/F  -79+"0MQFf'9"%:7F-,
n
;-"
0 ≤ s1 < s2 < . . . < sn
5
ϕ : Rn×R+ 7→ R>@s>@F4H5:5J5E:&%4H,0>;!O42"0' _ ZF&6'5-,
∆+ :=
∫ ∞
0
∫ ∞
0
ϕ(Zs1, . . . , Zsn, H(a, b))1{sn<H(a,b), ZH(a,b)=b}
× ρ(a+ b) da db
=
∫ ∞
0
∫ ∞
0
ϕ(Zs1, . . . , Zsn, H(b))1{sn<H(b), IH(b)<a} ρ(a + b) da db
=
∫ ∞
0
∫ ∞
0
ϕ(Zs1, . . . , Zsn, t)1{sn<t, It<a} ρ(a + St) da dSt,
A)$-,%N"0$;'&6"X&6"0-(DA$*3QFs&64>&6"%"%4H"0-5
b = St.
u "%:7F,%+"07VA)M"0$,%-&%(@:2"
"%
a
7FQ:&
∆+ =
∫ ∞
0
ϕ(Zs1, . . . , Zsn, t)1{sn<t}
(
∫ ∞
It
ρ(a + St) da
)
dSt
=
∫ ∞
0
ϕ(Zs1, . . . , Zsn, t)1{sn<t} ρ1(It + St) dSt
=
∫ ∞
0
ϕ(Zs1, . . . , Zsn, t) 1{sn<t} ρ1(Rt) dSt,
A)$-,%
ρ1(u) =
∫ ∞
0
ρ(a + u)da =
∫ ∞
u
ρ(s)ds
&"0$s5-&%M"B=!
X.
rZ-234&6
t 7→ St
2:DF;='2-,%:&%A)$-
Zt > 0
5G
"%$'&/2:&%;&%
dSt = dRt
"Z!OF;';tA)&"0$*+"
∆+ =
∫ ∞
0
ϕ(Zs1, . . . , Zsn, t) 1{sn<t} 1{Zt>0} ρ1(Rt) dRt.
Á
L4H>&6"%"04L"0'H7
r = Rt
5J,%:2:;';'7"%$+"W+"%'F
r 7→ θ(r) !OF,/"0$8,%7F$9"X2-F9"0 4&)'9QF-,%&%!
t 7→ Rt
AZF>H"0'
∆+ =
∫ ∞
0
ϕ(Zs1, . . . , Zsn, θ(r))1{sn<θ(r), Zθ(r)>0}ρ1(r) dr.
b/$&/2:F1(;-"0-&/"0$v(,6L!n"%$v23&6
ZH(a,b) = b.u "0$H&6'1';',H:,:q!O,"0$v23+&%
ZH(a,b) = −a,
2:&%5:,6'7
∆− :=
∫ ∞
0
∫ ∞
0
φ(Zs1, . . . , Zsn, H(a, b))1{sn<H(a,b),ZH(a,b)=−a} ρ(a+ b) da db
;35&"%
∆− =
∫ ∞
0
φ(Zs1, . . . , Zsn, θ(r))1{sn<θ(r),Zθ(r)<0} ρ1(r) dr.
b/$v(,6L+!#&/yA2:(;-"%:5>9=E557w"0$vpKH(H,%:&6&%F&.!
∆+
5
∆−
_

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u G"0$&Y&%-2-"0FAZ1&6"0+"0"%$so3=FL Y7F$9"Y"0$-F,%-!OF,"0$H1,%5&%:5G,%7F
"%'1q[42:-5 ~"%$E'9"0,6L54H2-"0F _ u "1'&&6:- "0$*l""0$E,%-&%4;M"Ih k . _
g u _j^ ( _ Á¤Áy !OF;';yA)&.!O,6F "%$'&o&Y2:F,6F;';',6= _ b/$(,%!]!]"%$w'J,%-&%4;M"3q
b/$-F,%- e _nÁ q	M"0&Y7F-:,%;'a3+"%'FG+5"%$s2:F,6F;';',6=N,%s(@F&6"%(FH:5"%N:2-"%'F
e _j q]e _`^ q[5~e _ eq],6:&%(@:2"0MQF:;M= _ b/$H,%F47$F4H""%$'&w&6:2"0'qf"&&%&641:5"0$
4H5:,6;='7rZ,6tA)H<{"%'F
W
&&R"W,R"0-5{!O,%  qH5{A;'"
P0
+5
E05-"%X"0$X(,%F>>';"B=13+&%4,6Y5"%$KL(@:2"W+"%'FqL,%-&%(@:2-"%Q:;=q*&6&%2:<l"0:5
A)M"0$
W." {L(t, y), t ≥ 0, y ∈ R} 5-"%w"0$>2:F9"%'4F4&o!;=!rZ,6yA)<;L2:;L"%'1:& _n¢ .4&6."%$)F,%;'&0l"0'8A)"%$,6:&6(-2-"["0v"0$.:>@:&67F4.:&%4,6q
"%$*+")'&-qHA"0
L(t, y) = lim
ε↓0
1
2ε
∫ t
0
1(y−ε,y+ε)(Ws) ds a.s.
Á¤Á
b/$H1&64*,%-5zr:&%&6:;f(,6L2-:&%&6:&v!5'1:H&%'
2
5
4
(;'y=J'1(@F,6"09",%;':&
F4,o&6"%45H= _o¢ w4H&%w+"W+"%'F
SQBES δx,
A)M"0$
δ = 2
5
4,
,%-&%(@:2"0Q:;M=Fq!O,
"%$:&6.(H,%2::&6&%-&A)$-&R"W,R"0:5+"
x.
¢ $-"%$)'M"0<+;(@F"f&]!v'1(F,R"WH2:
AYA),%"%v&%'1(;M=
SQBES δ.
b/$87:-,0+"%F,/!#
SQBES δ
'&
Gδ = 2x d
2
dx2
+ δ
d
dx
, x > 0.
 F,
δ = 2
F,
4
"0$v>@F45,6=?(@F"
0
&/:9"0,%2:  +"  pKL".5
+∞ '&/*+"%4,0+;| +"%"%,02"0'H7} | &6:{h k  ÁF_j+^ ( _ Áy^ F} _ u I!2-":qX"0$H5MTU4H&%'&E((@3,6'7~'
b/$-F,%- e _£Á +,%w&64,%-5GrZ:&6&%:;#(,%2:-&%&%-&YA)"0$J5yA)9A,65G5,%M! " _o¢ w4&6!OF,
"%$:&68(,6L2-:&6&%:&."0$"0+"0F
SQBES δ,α↓x ,
A)$:,6
α > 0
'&/"%$v5,%M! ")(*,0+"0:,
H5 ↓ '523+"%:&#"%$*+"i"%$(,6L2-:&6&[5H,%! "%&	"%tAZ,65& H_  9=(,%(-,6"0:&i+!£&%4*,6:5rZ-&%&6:;#(H,%2::&6&%-&A)"0$5,%M! "X2:N>@&6"%45:5N4&6'7 | F,65'*+,6=H}.r:&%&6:;i(H,%2::&6&%-&
A)M"0$~5,%M! " _ b/$E;<+"6"0-,F:&s$*3QJ>@:- '9Q:&6"%'79l"0:5UqZ _ 7 _ qZ~"%$(*(@:,6&>9=
¢ +"W+*>@sh ^  k q*\]M"05[F,vh jtÁ:k q£5?g[;';F'&Xh ^ +k _
 F,"%$J(H,%!X+!b/$-F,%- e _£Á "1&1(@F,R"W9"w"%yA "%$*+"
SQBES δ,α↓2:V>@o2-F&R"0,%4H2-"0-5&
h
 "%,0H&6!OF,6 !
SQBES δ.
bnpKH(H;<"0$H'&f,%-23;;£"%$*+"
"%$2:,63&6'75J5:2-,%3+&%'H7V!O45*+-"0;n&%F;4H"0F&)!i"%$w+  Gδf = α f&6&%2:'+"0-5"%
SQBES δ
,6 | 2! _ h` k . _  ÁF_j^ ( _~Áy^ F}
ψα(x) = x
−ν/2Iν(
√
2αx)
H5
ϕα(x) = x
−ν/2Kν(
√
2αx),
|  }
,6:&%(@:2"0MQF:;M=FqA)$-,%
α > 0, ν = (δ − 2)/2, H5 Iν
5
Kν
+,%1L5HC*-5rZ:&6&%:;
!O4H2-"0F&)!	F,%5H:,
ν
| &%:  >H,01yA)"0av+5N"0:74h Á-k ( _^9¡ e} _ ZF&%5:,.yA
SQBES δ
;';'-5l"]wpKL(FH:9"0';L"%'1
T
$*3Q'7X(*,0+"0:,
α;
"0$H:&%)+,%Z2:;';:5
';;'-5
SQBES δ
(,%2:-&%&6:& _  &Y4&%4; qM"&v&%&64-5"0$*+"
T
&'5H:(@:5-9"8+!
SQBES δ.
b/$!O42-"%'F
ϕα
&KL2:-&%&6QF1!OF,';;'-5
SQBES δ.
oyA
SQBES δ,α↓&/5-C*H:5N+&"0$
h
 "%,0&R!OF,% | 2! _ h` k u6u _^tÁ ( _^^ }Z!	;';:5
SQBES δ
A)$:EAZ
"0
h = ϕα.
ZF&6:4-"%;=q@"%$v7F:-,0+"%F,)!
SQBES δ,α↓
&/F>H"W+'-5J+&
Gδ,α↓(f) = 1
ϕα
(G − α)(ϕαf).
= G(f)(x) + 4x ϕ
′
α(x)
ϕα(x)
d f
dx
(x)
= 2x
d2f
dx2
(x) +
(
2 + 2
√
2αx
K ′ν(
√
2αx)
Kν(
√
2αx)
)d f
dx
(x).
| 9}
Átj
u "X23>@8Q:,%MC*:5 | 2-! _ h` k u%u _  ( _nÁ e}/"0$*+"  '&XNpKHM"  "  :9"0,%2->@F45*+,6=
(@F'9"!OF,
SQBES δ,α↓.
¢ ,%-V+,%{;'&6z"0$*l"
SQBES δ,α↓
23'9"%:,%(H,%-"%:5&
';;'-5
SQBES δ
2-F5M"0F:5?"%1$H"  | A)$-,%Y"0$H(H,%2::&6&o& | ,63;;=H}';;':5*} _
  2 : 2\ '?;A Q!
θ(r)
.;! D%1I!Q%' (\;!0"2*G  \!/ #9/
r > 0
  4      () T ([  ?W9!"- /2/6 ) "21I!%O">.H!>I)%9 ()* #, %"- .(/0 8 "$!?  (%9 (*G!F9% α > 0. 311IHJ*G!0  !
T
"
1X"2)>?A9)9! 4 !3V %K 8 "- (7*G!"  W. Q! {L(θ(T ), y) ; y ∈ R}.C!M/    (/A!"
*7 ?^%:  911;4 W 1S!>:??WI)G ! θ(T ). 9E4$% l > 0
P0(L(θ(T ), 0) ∈ dl) = 2α
√
2αl K1(
√
2αl ) K0(
√
2αl ) dl.
| Á }
 ) "B!0"0  /2/67=
Wθ(T ) > 0
 ()
L(θ(T ), 0) = l
{L(θ(T ),−y) : y ≥ 0} (d)= {SQBES 4,α↓l (y) : y ≥ 0},
{L(θ(T ), y) : y ≥ 0} (d)= {SQBES 2,α↓l (y) : y ≥ 0},
8 9%: SQBES 4,α↓l  () SQBES 2,α↓l  (%:@.!E1S!B %S!F,)E ! l .H!  (%:!0'% 8 "21:"
)F?W')'! 
  2 '? = r="%$v&%(*+"%<;$F1F7F-:M"B=!#r  q
P0(Wθ(T ) > 0) = P0(Wθ(T ) < 0) =
1
2
H5q*$:H2:q
P0(L(θ(T ), 0) ∈ dl, Wθ(T ) > 0) =
1
2
P0(L(θ(T ), 0) ∈ dl)
= α
√
2αl K1(
√
2αl ) K0(
√
2αl ) dl.
u "'&[&6"0,6''H7$yA"0$o!2-"%F,
2α
(H(:,%&' | Á } _ b/$'&23?>@XpKH(H;<:5>9=
"%$w&%2:;'7V(H,%F(@:,R"B=N![r  _  F,6:yQF-,:q"%$w($-F1:G;';tA)&o4&X"%?7F:-, 
;'a-b/$:,%: e _£Á | >9=?,%5&%'H7
α
}/&!OF;;'yA)&
  2 : 2\ '?
	 Q!
T1
.M (EJ?W9!0"- (/
/6 ) "
1S!%O">.H!FI)@%' ()* #: (%O"- ./0 8 "B!?  %' (*G!>'%
1,
 ()
Z
 ] %=.("$!%' %F6 ?W1O"B!"$# %9 ()=* #: (%"T .(/0 L11SH(*7R!  \!
T1,
Z,
 () !LV %K 8 "- ( *G!"  W  (%:L"2)F?W')'! 39]4$% l > 0
P0(2Z L(θ(T1/Z), 0) ∈ dl) =
√
l K1(
√
l ) K0(
√
l ) dl.
| Á¤Á }
Áy^
 ) "B!0"0  /2/67=
Wθ(T1/Z) > 0
 ()
Z L(θ(T1/Z), 0) = l
{Z L(θ(T1/Z),−y/Z) : y ≥ 0}
(d)
= {SQBES 4,1↓l (y) : y ≥ 0},
{Z L(θ(T1/Z), y/Z) : y ≥ 0}}
(d)
= {SQBES 2,1↓l (y) : y ≥ 0},
8 9%: SQBES 4,1↓l  () SQBES 2,1↓l  %:P.! 1I!B (%I!F,)] ! l .H!X (%KR!0'% 8 "21:"
)F?W')'! 
  2 '? u ".'&/(@F&%&6'>;"012W$:2W>9='9"0-7F,0l"0'"%$*+"/"%$!O4H2-"%'FF"0$
,6'7F$9"/$*+5J&6'5v! | ÁÁ } | H5J+;'&% | Á }%}Z&)5:&6"B= _ u H5:-5q*AZ$*3QF
∫ ∞
0
√
l K1(
√
l)K0(
√
l) dl = 2
∫ ∞
0
x2 K1(x)K0(x) dx
= −2
∫ ∞
0
xK1(x) d(xK1(x))
= 1,
A)$-,%vAZv4&6:5E"0$v,%-;<+"%'FH&
d
dx
[xK1(x)] = −xK0(x) and K1(x) ∼x→0 1/x
| &%:  >,01yA)"%av5"0-7F4q!OF,6w4;'+ _ H_j ( _f^9¡  5 _ H_ s( _f^9¡ F} _
 ,6F b/$H:F,6: e _nÁ AZY>H"W"0$!O;';'yA)72-F,%F;;<,R=FqA)$'2W$&KH2"0;="0$
,6:&%4H;".'h k o _ g u _j^ ( _£Á¤Á3 q£5q£>9=E\],%F(@F&6"0F ^H_`^ q@;'&6"0$,%-&%4;M"o. _
g u _£Á es( _Á¤Áyj | A)$:"0$H:,%-'
α = β
} _
  : :   7?	Q=!X!M4FHJ  !"  f .M 09  !"$#IZ  !"
HHJ1KZ () .HJ),)  311IHJ*G; /21: !0  !
f(0) = 0
 )E)'D
V (f, θ(r)) :=
∫ +∞
−∞
f(L(θ(r), y)) dy.
9E4$=%
T
 (1X"2 ,%:9*     )
h > 0
E0(exp(−V (f, θ(T ))); sup
y
L(θ(T ), y) < h)
= 2α
∫ h
0
l Ĝ(2,f)α (0, l) Ĝ
(4,f)
α (0, l) dl,
Á e
8 9%: Ĝ(2,f)α  ) Ĝ(4,f)α  (%K X%:,' '%'/21R (11K  "- !>I) !F SQBES 2, )'!F,)
Z(2),
 )
SQBES 4,
)'!F,)
Z(4),
%K'1B?W  !"$#'/ 6 Z 8 ' !W?^%:  911K'1X %: "2/2/ I)   %K) "2\]!> !& ))Y"B!"$#M4FHJ  !"   (/
1  4$=%U!"
1:Z 1KI     
 
;?  
 	 
A
(2)
t :=
∫ t
0
f(Z(2)s ) ds, and A
(4)
t :=
∫ t
0
f(Z(4)s ) ds,
%K'1B?W  !"$#'/ 6 Z^ ()7 (/
1:<"245!0 ?^%:  911:91U \"B! !L"
!>'%I#, / (0, h).
b/$&2:F,6F;';',6=o7FQ:&"0$H[,6:&64;"n'Yb/$H:F,6: e _nÁ /!O,%1F,%]&64"0>;i!OF,2:F 
(4L"W+"%'F& _ u "	&:ql _ 7 _ q+(@F&%&6'>;i"0.5-"%:,6i"0$[5&6"0,6'>4L"0'!
supy L(θ(T ), y),&6:1h kÁF_  _£Á¤Á_j q ÁF_  _£Á e( _Zj e _
):2:;';*"%$*+"["0$ v,6::-,%-;'&2:V>@XpKH(H,%:&6&%-5E1"%:,6&!U"%$o!O4H5*1: 
"0;f&%F;4H"0F&v!Z"%$V,%5*,6=N5T:,6:9"0';]:4*+"%'Fz&%&6L2-<+"%:5D"0J"%$1&6"04H5'-5
5MTU4H&%' | &6:+q _ 7 _ qih` k . _ u%u _nÁ 5 Á¤Á ( _¡Áy } _  F,opKH(H;'q£!OF,."0$8:,6:;
Ĝ
(2,f)
α
A$*3QFv"0$v,%-(,%-&%-"0+"0F
Ĝ(2,f)α (x, y) = w
−1
α ϕ
(2,f)
α (x)ψ
(2,f)
α (y), x ≥ y,
A)$-,%
wα
'&"0$ ¢ ,6F&%' _ b/$HZ!O42"0'&
ϕ
(2,f)
α
5
ψ
(2,f)
α
,%["0$44H | 4H(
"%w4;"%'(;'2:+"0MQF/2:&6"09"0&W}  2:,63&6'7+5?F  5:2-,%:&%7q,6:&%(@:2"0MQF:;M=Fq
&6F;'4H"%'FH&!n"0$8+ 
2x u′′(x) + 2 u′(x) − (f(x) + α) u(x) = 0, x > 0,
H5
ϕ
(2,f)
α
w4&R".&0+"%'&6! ="0$v>@F45,6=?2-F5M"0F
u(h) = 0.
     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¢ V&R"W,R"8A)M"0$z>9=D,%-23;;'7?"0$Vo3=FL Y'7$""0$H:F,6:1&!O,6F A)$'2W$zb/$:F,6:
e _nÁ &f5:54H2::5 _ b/$HXC*,%&R"ZX&[!OF,]"%$X;L2:;"0)(,6L2-:&%&&6"%F((@:5?+"
H(b) :=
inf{t : W (t) > b} A)"%$ b > 0. b/$&6:2-F5JF'&/!OF,"0$H8;L2:;U"0Y&R"0F(H(-5+"
θ(r).
  2 : 2\ '? ^%
b > 0
 ()  ) "$!"0=  (/2/ 6= L(H(b), 0) = l  () IH(b) =
−m
{L(H(b),−y) : 0 ≤ y ≤ −m} (d)= {SQBES 4,−ml→0 (y) : 0 ≤ y ≤ −m},
{L(H(b), y) : 0 ≤ y < b} (d)= {SQBES 2,bl→0(y) : 0 ≤ y ≤ b},
Á 
8 9%: {SQBES δ,al→0(y) : 0 ≤ y ≤ a} )9!>'1 !0 δ F) "
*791"   (/X1 HY (%:,)VM911K'/ ?%:  '1O1&1S!$ (%S!>I)E \! l  ()  )Y"B!" ,)N!F7.U ! 0  !M!"
*7 a Z  (/
1:   (/
/0I)
δ
F) "
*791"   (/ 1 H  (%:,) V '11K'/ .%"0) U4-%:=*
l
!F
0 8 "B!]/0'\ ! a.  .(%" )Y91
SQBES 4,−ml→0
 ()
SQBES 2,bl→0
 (%:P.!0 1S!B %S!F,)  !
l
.\H!  (%:C!9% 8 "
1:"2)K?W')'! 
  2 '?  >&%-,6QFv"0$+"3qHA)$H:E2:F1(*,6:5?A)"%$"%$v,%-&%4;M")'b/$:,%:e _ 
"%Jh` k . _ g _  ( _[ LqHA8$yQv$:,682W$*+7F:5"0$H
y
 5',6:2-"%'FV'?"0$v(,6L2-:&6&
{L(H(b),−y) : 0 ≤ y ≤ −m}.
b/$82W$*7w23J>85F8>9=E"%$8"%'1v,%-Q:,6&0;	(,%F(@:,R"B="0$85T4&%F>H,%'5H7F:&
$*3Q | &%:8H+;'1'-Gh j tk } _ u J(*+,6"02:4;',:qL"/$HF;'5&
{SQBES δ,al→0(y) : 0 ≤ y ≤ a}
(d)
= {SQBES δ,a0→l(l − y) : 0 ≤ y ≤ a}.  2 '?  L4*,6:5IrZ:&6&%-;>H,%'5H7F:&
SQBES δ,al→0
2:>5H-C*-5qF,?2-F 
&R"0,%4H2-"0-5q@&0XF>&
h
 "0,%&6!O,%1& | '&6(*2:  "%'1y}!
SQBES δl
"0'7
h(t, x) = p(a− t; x, 0), 0 ≤ t < a
A)$-,%
p
'&]"0$)"0,%&6"0Fs5:H&%"B=s+!
SQBES δ.
b/$'&f2:&6"%,%42"0'2-F,%,6:&%(@F5H&
"%$v'9"04M"0F!	2:FH5"%'F7
SQBES δl
"0s>+"
0
l"."%'1
a.
o"%'2-"0$*+")>@ 
2:4&%
0
&v:9"0,%2:[>@F45*+,6=Y(@F'9"!O,
SQBES δ
AZf$*3Q
SQBES δ,al→0(y) >
0
!OF,o;';
0 ≤ y < a.  F,)7F:H:,0+;n"%$:F,R=+! h  "0,%&R!OF,%1&:q£&%-sL$*+,%(@h jF¡lk 5!OF,/5HT4&%F&.H;:Nh j  k _
b/$HV.3=9 vH'7F$9"Y"0$H:F,6:!OF,Y"%$s;'23;n"0'1w(,6L2-:&6&8&R"0F((@:5z+"Y"0$HsC,%&6"
,%7F"%'1
θ(r) := inf{t : St + It > r}
'&w>H"W:5!O,6F b/$-F,%- e _  >9=
F>H&%:,RQ'7"0$+"3q*4H5:,
P0
q
Wθ(r) = z, r > z > 0 ⇔ IH(z) = r − z.
."02:.;'&6Y"0$*+"!
Wθ(r) = z
"%$:
θ(r) = H(z).
oyA AX$yQ | &%:)g[;;'F&/h ^tÁ:k
!OF,/7:-,0;'a3l"0'&W}
  2 : 2\ '?  ) "$!"   (/
/67
Wθ(r) = z, r > z > 0,
 ()
L(θ(r), 0) = l
{L(θ(r),−y) : 0 ≤ y ≤ r − z} (d)= {SQBES 4,r−zl→0 (y) : 0 ≤ y ≤ r − z},
{L(θ(r), y) : 0 ≤ y < z} (d)= {SQBES 2,zl→0(y) : 0 ≤ y ≤ z},8 9%: SQBES 4,r−zl→0  () SQBES 2,zl→0  %:C.!71S!$ (%S!>I)G ! l .H!  %:;!0'% 8 "21:"
)F?W')'! 
Á
bn?>@s>;'"0(H(;=Eb/$-F,%- e _  AZH::5"%$5'&R"0,6'>4H"%'FH&o!
Wθ(r)
5
L(θ(r), 0).
b/$:&6+,%v7FQ:'?"%$vK".(,%(F&6"%'F _
: : 6986 :<5 '?;A 
P0(Wθ(r) ∈ dz) =
|z|
r2
dz, |z| ≤ r,
| Átj }
P0(L(θ(r), 0) ∈ dl |Wθ(r) = z) = η2l e−ηl dl, η := r/(2(r− |z|)|z|),
| Áy^ }
P0(L(θ(r), 0) ∈ dl) =
l
r2
e−l/r
(
K0 (l/r) +K1 (l/r)
)
dl.
| Á e}
	
  , | Átj }/5 | Áy^ }pq@&6:+qU _ 7 _ q#h` k g u _jFj ( _bÁ¤Át¡ 5g _¡ ( _.  q£,%-&%(@:2 
"%QF-;= _ b	s(,6tQ | Á e}Z4&6 | Átj }Z+5 | Áy^ }"%1>H"W
P0(L(θ(r), 0) ∈ dl)/dl =
∫
|z|≤r
|z|η2l
r2
exp (−η l) dz
=
l
2
∫ r
0
1
(r − z)2z exp
(
− lr
2(r − z)z
)
dz
=
l
2r2
e−
l
r
∫ +∞
0
(
1
u
+
1
u2
)
exp
(
− l
2r
(u+
1
u
)
)
du,
A)$-,%wJ"%$;'&6"o&6"%:(NAw$*3QFw&64>&R"0"%4H"0-5
z = r/(u+ 1).
b/$H8!OF,6w4;< | Á e}
!OF;;'yA)&	!O,6F"0$/"%:7F,%;H,6:(,6:&6:9"W+"%'F | &6: ¢ +"0&6FEh ^ +k ( _ÁyF^ 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Kν(
√
l) =
l ν/2
2
∫ ∞
0
t−ν−1 exp
(
−1
2
(
t+
l
t
))
dt.

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Hδ,α↓l (0) := inf{t : SQBES
δ,α↓
l (t) = 0}
Át¡
"
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P(Hδ,α↓l (0) ∈ dt)
=
( l
2α
)ν/2 1
2Kν(
√
2αl)
t−ν−1 exp(−αt− l
2t
) dt
| Á F}
=: n0(t, l) dt
8 9%: δ = 2ν + 2.
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δ ≥ 2 SQBES δ,α↓, al→05-"%X"0$
SQBES δ,α↓
&6"0,6"%:5+"
l
5?2-F5M"0F:5"0$M"
0
+""0
a
_  ;'&6
SQBES δ,α↓, al→0
2:1>)2:&6"%,%42"0:5&XL>`&
h
 "%,0&R!OF,%EqF>4L"Z$-,%/Ao2:"
4&6"0$w"%,0&6"%'FN5H:&6"B=!
SQBES δ,α↓
| &Y'&X5F!OF,
SQBES δ
>,%57F-&:q
2! _ .-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;4 H_ u &R"03+5EA"0
h(t, x) := n0(a− t, x), 0 ≤ t < a,
A)$-,%
n0(·, l)
&1"%$N5-&%M"B=S!Y"0$EC*,%&R"?$M"%"07G"0'1
Hδ,α↓l (0),
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7FQ: 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δ ≥ 2  () α > 0 !@.%"0) '1 SQBES δ,al→0  ()
SQBES δ,α↓, al→0
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"   (/"27/- 8 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SQBES δ,al→0
5
SQBES δ,α↓, al→0
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: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SQBES δl
,%1"0$&01 _  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;
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t 7→ ω(t), t ≥ 0, 5{;'-" Ft
>
"%$&%;';:&R"
σ
 ;'7F->,0{7F:-,0+"%:5>9=
ω(s), s ≤ t. "%"07 Ft
>~+ Ft 13&64,0+>;'GH5P>@F45H:5I,05HF Q+,%'>;5I4&%7~"0$
h
 "%,0&R!OF,% 5 
&62:,%(H"0F?!
SQBES δ,al→0
5
SQBES δ,α↓, al→0
AvF>H"W+'?!OF,
t < a
E
δ,a
l→0(Ft) = E
δ
l
(p(a− t;ω(t), 0)
p(a; l, 0)
Ft ; t < H0
)
,
| Á }
H5q*>9=?4&%7"0$81:,6F   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E
δ,α↓, a
l→0 (Ft) = E
δ,α↓
l
(n0(a− t, ω(t))
n0(a, l)
Ft ; t < H0
)
= E δl
( eα (a−t) n0(a− t, ω(t))ϕα(ω(t))
eα a n0(a, l)ϕα(l)
Ft ; t < H0
)
,
| Át¡ }
Áy
A)$-,%
p
'&v"0$H"0,%&6"0FD5:&6"B=!
SQBES δ
5
n0
&"%$V5-&%M"B=z+!"0$
C*,6&6".$M"%"07"%'1
H0 := inf{t : ω(t) = 0}!
SQBES δ,α↓,
+&7FQ:\],%F(@F&%M"0FJe _£ÁL_ rZ:2: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C
p(a; l, 0) = p(a; 0, l) = C a−ν−1 exp(− l
2a
)
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 e _£Á_ -"
Φ+
H5
Φ−
>w,%>M"0,%,6=E13&64,0>H;'8!O4H2-"%'F*+;'&.!f2:F9"%'4F4&
!O4H2-"0F&/F
R+.
¢ YA)'&6$E"%s2:F1(4H"%
∆+ := E0
(
Φ+({L(θ(T ), y) ; y ≥ 0})
×Φ−({L(θ(T ),−y) ; y ≥ 0}) ;Wθ(T ) > 0)
)
.
bno+f"%$["Wl"0'&6$F,R"0:,-qlAZM""0$[,67F41:9"0&!OF,
Φ±
5vA),%"%f&%'1(;M=
Φ+ = Φ+({L(θ(T ), y) ; y ≥ 0}), Φ− = Φ−({L(θ(T ),−y) ; y ≥ 0}).
Z;3,6;=Fq
∆+ = E0
(
Φ+ Φ− ;Wθ(T ) > 0
)
=
∫
R3
α e−αr E0
(
Φ+ Φ− |L(θ(r), 0) = l,Wθ(r) = z
)
1{r>0, 0<l, 0<z<r}
× P0(L(θ(r), 0) ∈ dl |Wθ(r) = z) P0(Wθ(r) ∈ dz) dr.
Á 
 ,%b/$-F,%- e _ wAvF>H"W+'
E0
(
Φ+ Φ− |L(θ(r), 0) = l,Wθ(r) = z
)
= F
(2)
+ (z, l)F
(4)
− (r − z, l),
A)$-,%
F
(2)
+ (z, l) := E
(
Φ+({SQBES 2,zl→0(y) : 0 ≤ y ≤ z})
)
H5
F
(4)
− (s, l) := E
(
Φ−({SQBES 4,sl→0(y) : 0 ≤ y ≤ s})
)
.
Z$*+7F'H7Q+,%'>;'-&+54&%7N"0$HKL(;'2:M"8!O,% !/"0$v6F'9"w5H'&6"%,%>4H"0Fz+!
L(θ(r), 0)
H5
Wθ(r)
| &%:\],%(F&6"%'F?e _nÁ }=:;'5H&
∆+ = α
∫
R3+
F
(2)
+ (z, l)F
(4)
− (s, l) e
−α(s+z) l
4s2z
exp
(
−s+ z
2sz
l
)
dl ds dz
= α
∫ ∞
0
(
∫ ∞
0
F
(2)
+ (z, l)
1
2z
exp
(
−αz − l
2z
)
dz
) | Áy }
×
(
∫ ∞
0
F
(4)
− (s, l)
1
2s2
exp
(
−αs− l
2s
)
ds
)
l dl.
bnN(,6L2-::5Uq]2:F&6'5-,8"%$C*,6&6"9"0:7,0;f'H&%'5H"0$HV'9"%:7F,%;"%$VpKH(H,%:&6&%F
!OF,
∆+
7FQ:' | Áy }>@yQF _]¢ vF>H"W+'?!O,%F | Á }
∫ ∞
0
F
(2)
+ (z, l)
1
2z
exp
(
−αz − l
2z
)
dz
= K0(
√
2αl)
∫ ∞
0
F
(2)
+ (z, l)P(H
2,α↓
l (0) ∈ dz).
r=?\f,6F(@F&%M"0'?e _£Áyj q
F
(2)
+ (z, l) = E
(
Φ+({SQBES 2,α↓,zl→0 (y) : 0 ≤ y ≤ z})
)
.
ZFH&%:4-9"0;=q>-234H&%
SQBES 2,α↓
$H"0&  A)"%$(,%>*>;'"B= Á 5>@:2:4&% 
&)KL".>@F45*+,6=AvF>H"W+'>9=&6"W+5*,65J1F"%FY2-;<&6&o+,%7F41:9"
∫ ∞
0
F
(2)
+ (z, l)P(H
2,α↓
l (0) ∈ dz)
=
∫ ∞
0
E
(
Φ+({SQBES 2,α↓,zl→0 (y) : 0 ≤ y ≤ z})
)
P(H 2,α↓l (0) ∈ dz)
= E
(
Φ+({SQBES 2,α↓l (y) : y ≥ 0})
)
j 
7FMQ'7
∫ ∞
0
F
(2)
+ (z, l)
1
2z
exp
(
−αz − l
2z
)
dz
= K0(
√
2αl)E
(
Φ+({SQBES 2,α↓l (y) : y ≥ 0})
)
.
¢ v2:F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= _ r[=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F?e _nÁtj
F
(4)
− (s, l) = E
(
Φ−({SQBES 4,α↓,sl→0 (y) : 0 ≤ y ≤ s})
)
,
H5E&6q*4&6'7179+' | Á }q
∫ ∞
0
F
(4)
− (s, l)
1
2s2
exp
(
−αs− l
2s
)
ds
=
(2α
l
)1/2
K1(
√
2αl )
∫ ∞
0
F
(4)
− (s, l)P(H
4,α↓
l (0) ∈ ds)
=
(2α
l
)1/2
K1(
√
2αl ) E
(
Φ−({SQBES 4,α↓l (y) : y ≥ 0})
)
.
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Φ− ≡ 1
5
Φ+({Xy : y ≥ 0}) = φ(X0)
A)$-,%
φ
&Z9=s13&64,0+>;'
!O4H2-"0F5
y 7→ Xy
&82:"%'4F4H&!O4H2-"0FqAZ1F>H"0'GFFs$*H5q#>9=
| Áy }
∆+ = α
∫ ∞
0
K0(
√
2αl)E
(
Φ+({SQBES 2,α↓l (y) : y ≥ 0})
)
×
(
2α
l
)1/2
K1(
√
2αl)E
(
Φ−({SQBES 4,α↓l (y) : y ≥ 0})
)
l dl
=
√
2α3/2
∫ ∞
0
K1(
√
2αl)K0(
√
2αl)
√
l φ(l) dl,
H5q*F?"0$v"%$:,)$*+5q
∆+ = E0
(
Φ+Φ− ; Wθ(T ) > 0
)
= E0
(
φ(L(θ(T ), 0)) ; Wθ(T ) > 0
)
=
∫ ∞
0
φ(l)P0(L(θ(T ), 0) ∈ dl,Wθ(T ) > 0)
jtÁ
!O,6F A)$2W$EA5:,6QF
P0(L(θ(T ), 0) ∈ dl, Wθ(T ) > 0) = α
√
2αl K1(
√
2αl ) K0(
√
2αl ) dl.
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Wθ(T ) > 0
>9=
Wθ(T ) < 0A)$2W$(,%yQ:& | Á  } _ oyAvq)2W$L&%'H7z!OF,
Φ+
z7F:H:,0+;o!O42"0F !Y"%$!OF,6
φ×Φ+
A)$:,6
φ
&Z!O42-"%'F!
X0
&Z>yQ5V2W$L&%'H7w7F-:,%;£!O42-"%'F
Φ−
AZYC*,6&6".7F"
∆+ =
∫ ∞
0
φ(l)E
(
Φ+({SQBES 2,α↓l (y) : y ≥ 0})
)
×E
(
Φ−({SQBES 4,α↓l (y) : y ≥ 0})
)
×P0(L(θ(T ), 0) ∈ dl,Wθ(T ) > 0)
H5E&6:2-F5
∆+ = E0
(
Φ+Φ−,Wθ(T ) > 0
)
=
∫ ∞
0
φ(l)E0
(
Φ+Φ−|Wθ(T ) > 0, L(θ(T ), 0) = l
)
×P0(L(θ(T ), 0) ∈ dl,Wθ(T ) > 0)
A)$2W$J(H,%yQF-&o>9='5H:9"0MC*23+"%'F
E0
(
Φ+Φ−|Wθ(T ) > 0, L(θ(T ), 0) = l
)
= E
(
Φ+({SQBES 2,α↓l (y) : y ≥ 0})
)
×E
(
Φ−({SQBES 4,α↓l (y) : y ≥ 0})
)
.
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=J"0$,6-!O-,%:+q"X'&(@F&%&6'>;8"%?2:F1(4H"%"0$
5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L(θ(T ), 0)
5',6:2"0;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!O,%F | Á e}['E\],%F(@F&%M"0F?e _nÁH_ u 5-:5q
P0(L(θ(T ), 0) ∈ dl)/dl =
∫ +∞
0
dr α e−αr P0(L(θ(r), 0) ∈ dl)/dl
=
∫ +∞
0
α l
r2
e−αr−
l
r
(
K0 (l/r) +K1 (l/r)
)
dr
= α
∫ +∞
0
e−r−
αl
r (K0(r) +K1(r)) dr.
jFj
bnv(,%2:-:5A):-5"%$/!OF,%w4H;<X _ H_   ^ | j }# v,%5&%$9"%-=V+5V/=a:$?h Áy^+k
( _[¡j w54Y"0  2 XF*;5 | &%- ¢ +"%&%FDh ^ +k ( _ e ^ 9} 
∫ +∞
0
exp
(
−1
2
(
x +
a2 + b2
x
))
Kν
(
ab
x
)
dx
x
= 2Kν(a)Kν(b).
b	'7s$-,%
a = b
52W$*H7F'7Q+,6<>;:&7QF
∫ +∞
0
e−x−
a2
2x Kν(x)
dx
x
= 2Kν(a)
2.
| Á 9}
-"
γ =
√
2αl
+5J2-F&6'5-,
∫ +∞
0
e−r−
γ2
2r r K0(r) dr = −
∫ +∞
0
e−r−
γ2
2r
d
dr
(r K1(r)) dr
=
∫ +∞
0
(
−1 + γ
2
2r2
)
e−r−
γ2
2r rK1(r) dr
A)$-,%vAZv$*3Q84&6:5 | 2-! _ ):,6Ve _ e}
d
dx
[xK1(x)] = −xK0(x).
ZFH&%:4-9"0;=q£>= | Á 9}pq
∫ +∞
0
e−r−
γ2
2r r (K0(r) +K1(r)) dr =
γ2
2
∫ +∞
0
e−r−
γ2
2r K1(r)
dr
r
= γ2 K1(γ)
2.
XMTU-,%-"%<+"%'7wA)M"0$,%-&%(@:2"."%
γ
7FMQF:&
∫ +∞
0
e−r−
γ2
2r (K0(r) +K1(r)) dr =
1
−γ 2 γ K1(γ)
d
dγ
(γ K1(γ))
= −2K1(γ)
d
dγ
(γ K1(γ))
= 2 γ K0(γ)K1(γ)
(,6yQL7"0$v2-;< _
j^
     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 F,
α > 0
;'-"
Tα := T1/α.
b/$-
Tα
&/KL(:9"0';';M=V5H'&6"%,%>4H"0-5A)"%$E(,0 
"0:,
α,
5AZvF>L"W!O,6F | Á }Z>9=?2W$*+7F'H7sQ+,6<>H;':&
P0(2αL(θ(Tα), 0) ∈ dl) =
√
l K1(
√
l ) K0(
√
l ) dl.
| j  }
b/$&7FMQF:&Y1:5H<+"%:;= | Á¤Á }.>-234&6
Z
'&Y&6&%41:5"%?>5:(@:H5:9"v!
T1H5
W.b/$HX,%-V+'7v2:;<+' +!b/$-F,%- e _`^ !OF;';tA)&]!O,6F b/$-F,%-xe _£Á !UAX&6$yA
"%$*+"
{αL(θ(Tα), y/α) : y ∈ R}
(d)
= {L(θ(T1), y) : y ∈ R}.
| jtÁ }
bns(,%yQFv"0$H'&:qH,%:2:;';"0$*+".>9="%$v&%23+;''H7(,%F(@:,R"B=!#r  q*45H:,
P0
q
{(Wt, St, It) : t ≥ 0}
(d)
= {α(Wt/α2 , St/α2 , It/α2) : t ≥ 0}.
| jFj }
u "/!OF;;'yA)&"0$+"
θ(r) := inf{t : St + It > r}
(d)
= inf{t : St/α2 + It/α2 > r/α}
(d)
= α2 inf{t : St + It > r/α}
= α2 θ(r/α).
-"
f
>@v1>@F45H:5J5EF  :7F+"0MQF!O42"0FE5E2:F&6'5-,
∫
f(x)L(θ(r), x) dx =
∫ θ(r)
0
f(Ws) ds
(d)
=
∫ α2 θ(r/α)
0
f(αWs/α2) ds
= α2
∫ θ(r/α)
0
f(αWs) ds
= α2
∫
f(αx)L(θ(r/α), x) dx
= α
∫
f(y)L(θ(r/α), y/α) dy,
H5"%$'&)(,6yQF:& | j,Á } _
j e
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SQBES δ
7FQ:qX _ 7 _ qX'h k ( _ Á3^ z"0$*+"?"%$G!OF;';tA)7&623;'7
(,6F(@:,6"B=$F;'5H&
{SQBES δx (t) : t ≥ 0}
(d)
= {1
c
SQBES δc x(c t) : t ≥ 0}.
  &%'H7V"0$&H5"0$
h
 "0,%&6!O,% 5:&62:,6'(H"%'FN+!
SQBES δ,α↓
M"23+>8(,%yQF-5
"%$*+"
SQBES δ,α↓
| +5E;'&6
SQBES δ,α↑
}Z&0l"0'&RC*:&
{SQBES δ,α↓x (t) : t ≥ 0}
(d)
= {1
c
SQBES δ, α/c↓c x (c t) : t ≥ 0}.
       
 F,) | ,%>M"0,%,6=H}(,6L2-:&6&
X = {Xy : y ≥ 0}
5H-C*
Φ(X) := exp
(
−
∫ +∞
0
f(Xy) dy
)
1{supy≥0 Xy<h}.
r=b/$:F,6: e _nÁ q
E0
(
exp(−V (f, θ(T ))); sup
y
L(θ(T ), y) < h
)
=
∫ h
0
Ψ+(l) Ψ−(l) 2α
√
2αl K1(
√
2αl ) K0(
√
2αl ) dl,
| j^ }
A)$-,%
Ψ+(l) := E
(
Φ(SQBES2,α↓l )
)
H5
Ψ−(l) := E
(
Φ(SQBES4,α↓l )
)
.
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Ψ+(l) =
∫ +∞
0
E
(
Φ(SQBES2,α↓,zl→0 )
)
P(H 2,α↓l (0) ∈ dz)
=
∫ +∞
0
E
(
Φ(SQBES2,zl→0)
)
× 1
2K0(
√
2αl)
1
z
exp
(
−αz − l
2z
)
dz,
j 
H5E>9=?"%$v&01A3=
Ψ−(l) =
∫ +∞
0
E
(
Φ(SQBES4,yl→0)
)
× l
2
√
2αlK1(
√
2αl)
1
y2
exp
(
−αy − l
2y
)
dy.
.K"/;'"
Z(2)
5
Z(4)
5-"%
SQBES2
5
SQBES4,
,%:&6(-2-"%QF-;=q*5
p(2)H5
p(4)
"%$:,"0,0+&%M"0'?5:&6"%':&-q*,%-&%(@:2-"%Q:;=q*F,6V;'a-:5Q<
E
(
Z(2)z ∈ du |Z
(2)
0 = l
)
= p(2)(z; l, u)m(2)(du)
| j e}
H5
E
(
Z(4)z ∈ du |Z
(4)
0 = l
)
= p(4)(z; l, u)m(4)(du),
| j F}
A)$-,%
m(2)(du) = du
H5
m(4)(du) =
u
2
du
,%i"%$]&%(@:-5813+&%4,6:&!
SQBES2
H5
SQBES4,
,6:&6(-2-"0MQF-;= _ u E(*,6"%'2-4;<,-q
p(2)(z; 0, l) = p(2)(z; l, 0) =
1
2z
exp
(
− l
2z
) | j  }
H5
p(4)(z; 0, l) = p(4)(z; l, 0) =
1
2z2
exp
(
− l
2z
)
.
| jF¡ }
 ;'&%15C*8"%$8"%,0H&%"%'F5-&%M"0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p̂(2)
5
p̂(4)
| A)$'2W$5:(@:5F
h
H5
f
}
Q<
E
(
exp(−
∫ z
0
f(Z
(2)
t ) dt) ; sup
0≤t≤z
Z
(2)
t < h, Z
(2)
z ∈ du |Z
(2)
0 = l
)
= p̂(2)(z; l, u)m(2)(du)
| j }
H5
E
(
exp(−
∫ z
0
f(Z
(4)
t ) dt) ; sup
0≤t≤z
Z
(4)
t < h, Z
(4)
z ∈ du |Z
(4)
0 = l
)
= p̂(4)(z; l, u)m(4)(du).
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rZ-23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f
&)&%&641:5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 '&/-"%,0H2:  " 
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;':5
SQBES
(,6L2-:&6&%:& _ b/$-,%!OF,%+qAZ$*3QFv!OF,);;
l > 0
p̂(2)(z; l, 0) > 0 and p̂(4)(z; l, 0) > 0.
j 
):;'+"0F& | j e}q | j }pq*5 | j  }='-;'5
E
(
Φ(SQBES2,zl→0)
)
= E
(
exp(−
∫ z
0
f(Z
(2)
t ) dt) ; sup
0≤t≤z
Z
(2)
t < h |Z(2)0 = l, Z(2)z = 0
)
=
p̂(2)(z; l, 0)
p(2)(z; l, 0)
= 2z exp
( l
2z
)
p̂(2)(z; l, 0).
L;<,6;=q9>= | j F}pq | j F}q*H5 | jF¡ }pqHAZF>H"0'
E
(
Φ(SQBES4,yl→0)
)
= E(exp(−
∫ y
0
f(Z
(4)
t ) dt) ; sup
0≤t≤y
Z
(4)
t < h |Z(4)0 = l, Z(4)y = 0)
=
p̂(4)(y; l, 0)
p(4)(y; l, 0)
= 2y2 exp
( l
2y
)
p̂(4)(y; l, 0).
\]4H"6"0'H7s"%$:&6vKL(,%-&%&6'F&o' | j+^ }[='-;'5&
E0
(
exp(−V (f, θ(T ))); sup
y
L(θ(T ), y) < h
)
= 2α
∫ h
0
(
∫ ∞
0
e−αzp̂(2)(z; l, 0)dz
)(
∫ ∞
0
e−αsp̂(4)(s; l, 0)ds
)
l dl
= 2α
∫ h
0
l Ĝ(2,f)α (0, l) Ĝ
(4,f)
α (0, l) dl
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